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We present a new realization of the resonant production of primordial black holes as well as
gravitational waves in a two-stage inflation model consisting of a scalar field φ with an axion-
monodromy-like periodic structure in the potential that governs the first stage and another field
χ with a hilltop-like potential that dominates the second stage. The parametric resonance seeded
by the periodic structure at the first stage amplifies the perturbations of both fields inside the
Hubble radius. While the evolution of the background trajectory experiences a turn as the oscil-
latory barrier height increases, the amplified perturbations of χ remain as they are and contribute
to the final curvature perturbation. It turns out that the primordial power spectrum displays a
significant resonant peak on small scales, which can lead to an abundant production of primordial
black holes. Furthermore, gravitational waves are also generated from the resonantly enhanced field
perturbations during inflation, the amplitude of which may be constrained by future gravitational
wave interferometers.
I. INTRODUCTION
The primordial black holes (PBHs) have become one of
the crucial elements in recent cosmology [1–3]. It could
serve an inspiring tool to test the unknown physics in the
very early universe [4, 5]. PBHs have also been consid-
ered as a candidate for dark matter (DM) [6, 7]. More-
over, with the advent of the era of gravitational wave
(GW) astronomy [8], it is suggested that observed events
may be due to PBHs [9]. Given fruitful theoretical moti-
vations and dramatic observational developments, many
efforts have been made on the studies of both funda-
mental and phenomenological aspects of PBHs including
various generation mechanisms [10–14].
As one of generation mechanisms, it was suggested
that the power spectrum of the primordial curvature per-
turbation might be resonantly enhanced via the sound
speed resonance (SSR) mechanism [15] or through non-
conventional couplings [14]. However, since the comov-
ing curvature perturbation on super-Hubble scales is con-
served if there is only a single adiabatic mode [16, 17],
there is no growth of the curvature perturbation on
∗ ustczzh@mail.ustc.edu.cn
† jiejiang@mail.ustc.edu.cn
‡ yifucai@ustc.edu.cn
§ misao.sasaki@ipmu.jp
¶ shi.pi@ipmu.jp
super-Hubble scales in such a case. This is a fairly
strong requirement on the model construction. Thus,
if one wants to realize a controllable instability for the
phenomenological purpose of inflationary cosmology, it
is simplest to add a second field that plays the role of an
entropy mode. Then, one may be curious about whether
and under what circumstances such an instability may
take place during inflation and the amplified entropy per-
turbation could eventually be converted into the curva-
ture perturbation.
To address the above issue, we in this paper put for-
ward a novel realization of resonantly produced PBHs
through a two-field model of inflation in which there are
two stages: The first stage is dominated by a field φ hav-
ing a small oscillatory feature in the potential, like in
monodromy inflation, and the second stage is dominated
by another field χ with a hill-top like potential. The
earlier times of the first stage account for the observed
cosmic microwave background (CMB) experiments with
no effect of the oscillatory feature. The oscillatory fea-
ture is assumed to become gradually more significant at
later times of the first stage until it stops the motion
of φ at one of the minima of the oscillatory potential.
During the first stage χ remains essentially massless and
hence has no dynamics, while it starts rolling down the
potential hill after φ stops evolving. At the last few e-
folds of the first stage, the oscillations in φ induce a res-
onant amplification of the field fluctuation δφ inside the
Hubble radius, which subsequently leads to an amplifi-
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2cation of the field fluctuation δχ. In the field space, the
background evolution is along the φ-direction at first and
then turns its trajectory to the χ-direction. This implies
that the entropy perturbation at the first stage, δχ, is
converted into the curvature perturbation at the second
stage. Thus one expects a resonant peak to appear in
the primordial curvature perturbation power spectrum
on small scales. Then it will naturally lead to the pro-
duction of abundant PBHs.
In addition to the PBH production, it is important
to note that a substantial amount of GWs can be pro-
duced by the scalar-scalar-tensor coupling [18]. Accord-
ingly, the induced GWs can be used to search for PBHs
[19–22] as well as to obtain observational constraints on
the early universe models [23, 24]. Commonly the in-
duced GWs are considered to be those generated during
the radiation-dominated epoch when PBHs are formed
[19–22]. However, it was recently noted that, the con-
tribution of those from an inflationary epoch could be
significant in certain circumstances, such as with speed
of sound lower than unity [25], with an oscillating speed
of sound for scalar [26] and tensor modes [27]. In fact,
in the model considered in the present study, we observe
that the contribution of GWs induced during inflation
can dominate the cosmological GW background. The re-
sulting GW energy spectrum is expected to be detected
by future GW experiments.
The article is organized as follows. In Sec. II, we put
forward a specific, simple model of two-field inflation,
and present detailed analyses of the background evolu-
tion and the resonance effect on the field fluctuations in-
duced by the oscillatory potential. In Sec. III, we study
the PBH formation and derive the corresponding mass
spectrum in our model. In Sec. IV, we study the GWs
induced by primordial scalar perturbations during both
inflationary epoch and radiation-dominated epoch. Then
we derive the GW energy spectrum that may be of ob-
servational interest in various GW surveys. Finally, we
conclude with discussion in Sec. V. Some detailed but
lengthy calculations for our two-field model are presented
in Appendices A ∼ D.
Throughout the article, we work in the natural units
c = ~ = 1 and adopt the metric signature (−,+,+,+).
The reduced Planck mass is defined as Mp = 1/
√
8piG.
The dot denotes the cosmic proper time derivative (˙ =
d/dt) and the prime denotes the conformal time deriva-
tive (′ = d/dτ) where dτ = dt/a(t).
II. RESONANT AMPLIFICATION OF
COSMOLOGICAL PERTURBATIONS
We begin this section with a brief discussion on a sce-
nario of the very early universe that involves a potential
with oscillatory modulations. This scenario may arise
from new physics beyond the standard model such as the
axion monodromy inflation [28, 29]. Here we extend such
a model to a two-field model to dramatically enhance the
effect of the oscillations.
The inflationary era can be divided into two stages.
The first stage is φ-dominated with the effect of the os-
cillations become increasingly more significant as time
goes on. At early times of the first stage where the os-
cillatory feature is negligible, we obtain the conventional
nearly scale-invariant power spectrum of the primordial
curvature perturbation in agreement with the CMB ex-
periments [30].
At the last couple of e-folds of the first stage, the pe-
riodic oscillations in the potential lead to a Mathieu-like
equation for the field fluctuation δφ inside the Hubble
radius and parametrically amplify it. It turns out that
thus amplified δφ can induce a large enhancement of δχ
on sub-Hubble scales.
After φ is stopped at one of the minima of the oscilla-
tory potential, the second stage of inflation commences
where the evolution is governed by χ. Consequently, δχ
generated during the first stage is converted to the adia-
batic perturbation after Hubble crossing and gives rise to
the curvature perturbation. This implies that the power
spectrum on small scales is dominantly determined by
the field fluctuation δχ.
As a side remark, one may also introduce the χ2Ψ2
term where Ψ could represent for some of the SM fields,
so that the model can successfully experience reheating
of the universe.
A. The model
FIG. 1. A schematic diagram of the potential V (φ, χ). The
bright and dark stripes respectively represent the local max-
ima and minima in the field space. The red and yellow ar-
rowed lines describe the background trajectory of the infla-
tionary universe.
The potential V (φ, χ) of our model is sketched in
Fig. 1. For simplicity and concreteness, we assume φ
to have a linear potential with small periodic oscillations
and χ to have a pure linear potential. To be specific, we
take the Lagrangian of the form,
L = −1
2
(∂µφ)
2 − 1
2
(∂µχ)
2 − V (φ, χ) , (1)
3with the two-field potential given by
V (φ, χ) = gΛ30φ+ Λ
4(φ)cos
( φ
fa
)
+ ξΛ30χ+ V0 . (2)
In the above, the dimensional coefficient Λ0 determines
the characteristic energy scale for the background evolu-
tion. The dimensionless coefficients g and ξ are coupling
constant which generate the slope. The mass scale fa de-
termines the period of the oscillatory feature, and Λ(φ)
describes a field-dependent amplitude of barriers, which
we set as
Λ(φ) = Λ0(1 + α
φ
Mp
) . (3)
In order to characterize the modulation of the potential
from the periodic barriers, we define the monotonicity
parameter b∗,
b∗(φ) =
Λ4(φ)
|g|Λ30fa
. (4)
This parameter is also useful for analyzing the back-
ground vacuum stability in the φ direction, which is dis-
cussed in Appendix D.
The detailed feature of the φ-dependent part of the po-
tential is shown in Fig. 2. On the left side of the poten-
tial, the barriers are small enough so that the potential
can be viewed as a linear inflationary potential with only
the higher order slow-roll conditions being violated. This
guarantees the scale-invariant spectrum on large scales.
After the field rolls down and pass through the point φ0,
the barrier Λ(φ) becomes relevant for certain comoving
wave numbers k to fall into the resonant band. Then,
after some excursion of the field, the barrier is so large
that φ stops rolling and stabilized at φ = φe. After that
χ drives inflation and reheating. Here, we also set the
field excursion ∆φ = φe − φ0, to be small enough so
that |g|Λ30∆φ V0, and thus making V0 play the role of
cosmological constant. This considerably simplifies the
analysis of the power spectrum.
In addition to the above, we set the following theoret-
ical constraints on the model parameters:
• The evolution of φ dominates first:
|g|  |ξ| . (5)
• A sufficiently flat potential at the early stage:
b∗(φ φ0) 1 ; (6)
• A successful mechanism to stop the rolling of φ:
b∗(φe) & 1 ; (7)
• Classical slow rolling beats quantum fluctuations:
φ˙
H
>
H
2pi
; (8)
• The effective mass for δφ on flat slicing is dominated
by V ′′(φ) when the parametric resonance happens:
V0  2|g|Λ30fa ; (9)
FIG. 2. The large panel depicts the φ-dependent part of the
potential. The evolution proceeds in the direction of φ. The
orange vertical line represents an epoch when the Λ barrier
terms become non-negligible, and φ0 represents the time at
which the resonance begins. The rolling of φ stops at φe.
B. Background evolution
Now we present a semi-analytical study of the back-
ground evolution. The Friedmann equations for the back-
ground are
H2 =
ρ
3M2p
,
a¨
a
= − 1
6M2p
(ρ+ 3p) , (10)
where the background energy density and pressure are
given by
ρ =
1
2
χ˙2+
1
2
φ˙+V (φ, χ) , p =
1
2
χ˙2+
1
2
φ˙−V (φ, χ) . (11)
The Klein-Golden equations for φ and χ are
φ¨+ 3Hφ˙+
∂V
∂φ
= 0 , χ¨+ 3Hχ˙+
∂V
∂χ
= 0 . (12)
For convenience, we introduce a set of slow-roll param-
eters as follows:
φφ =
φ˙2
2H2M2p
, χχ =
χ˙2
2H2M2p
,
ηφφ =
˙φφ
H
, ηχχ =
˙χχ
H
,
(13)
where it is easy to see that  = −H˙/H2 = φφ + χχ.
Then, assuming all these slow-roll parameters are
small, we obtain expressions for φ¨, φ˙ and χ˙ in terms of
φ, under the slow-roll approximation,
φ¨ = 3Hb∗(φ)φ˙0 sin(
φ
fa
) ,
φ˙ = φ˙0 − 3Hfab∗(φ) cos( φ
fa
) ,
χ˙ = χ˙0 ≡ −ξΛ
3
0
3H
. (14)
4where
φ˙0 ≡ −gΛ
3
0
3H
. (15)
During the initial φ-dominant stage, the monotonicity
parameter b∗ is small enough so that we have φ˙ ' φ˙0
and χ˙ φ˙. In particular, this implies that the evolution
of χ can be ignored at this stage.
In passing, we mention that it may be of interest to
compute a higher order slow-roll parameter ˙ηφφ,
η˙φφ
H
' 6b∗cos( φ
fa
)
√
2φφ
fa/Mp
. (16)
The value of this parameter might be crucial for eval-
uating the primordial non-Gaussianity as the cubic La-
grangian will contain terms proportional to it.
As φ grows at later times of the first stage, the second
oscillatory term in φ˙ in Eqs. (14) gradually becomes com-
parable with the first term, and eventually gives a barrier
high enough to stop the evolution at φ = φe. Then the
second stage of inflation begins with χ governing the evo-
lution.
C. Field fluctuations and induced amplification
To analyze the resonant amplification of the curvature
perturbation, we need to properly calculate the field fluc-
tuations. We give a basic review of necessary formulas in
Appendix A.
In terms of the field fluctuations on flat slicing δφI , the
perturbation equations are written as
δ¨χk + 3H
˙δχk +
k2
a2
δχk +m
2
χχδχ+m
2
χφδφ = 0 ,
δ¨φk + 3H
˙δφk +
k2
a2
δφk +m
2
φφδφk +m
2
χφδχk = 0 ,
m2χχ =
∂2V
∂χ2
− 1
M2p
(
3χ˙2 +
2χ˙χ¨
H
− H˙χ˙
2
H2
)
,
m2φφ =
∂2V
∂φ2
− 1
M2p
(
3φ˙2 +
2φ˙φ¨
H
− H˙φ˙
2
H2
)
,
m2χφ =
∂2V
∂χ∂φ
− 1
M2p
(
3χ˙φ˙+
χ˙φ¨+ φ˙χ¨
H
− H˙χ˙φ˙
H2
)
,
(17)
Noting the conditions (5), (6), and (9) imposed on our
model, the relative magnitude among the effective mass
squares is found as m2φφ  m2χφ  m2χχ. Then the above
equations are simplified to be
δ¨χk + 3H
˙δχk +
k2
a2
δχk ' χ˙φ¨
M2pH
δφk , (18)
δ¨φk + 3H
˙δφk +
(
k2
a2
− Λ
4(φ)
f2a
cos(
φ
fa
)
)
δφk = 0 . (19)
First we consider the equation for δφk. Introducing a
new variable δΦk = a
3/2(t)δφk, Eq. (20) becomes
δ¨Φk + ω
2
k(t)δΦk = 0 , (20)
where
ω2k(t) =
k2
a2(t)
− Λ
4(φ)
f2a
cos(
φ
fa
)− 9
4
H2 − 3
2
H˙ . (21)
On sub-Hubble horizon scales, and for an interval of time
smaller than the Hubble expansion time, the scale fac-
tor can be regarded as adiabatically slowly varying, with
H2 ∼ const. and negligible H˙. Thus the above equation
reduces to the Mathieu equation in the expanding uni-
verse background. A detailed analysis of this equation is
given in Appendix B. The resonant amplification gives
|δφk| ∝ exp
[
λkHt
]
, (22)
where the growth rate λk is given by
λk = µk
|g|Λ30
6H2fa
− 3
2
, (23)
with µk being the Floquet number for the k mode.
We now turn to the equation for δχk, Eq. (18), and
focus on the most enhanced mode k∗ which crosses the
horizon just at φ = φe. As long as the source term pro-
portional to δφk is negligible, that is, when | χ˙φ¨M2pH δφk∗ | 
|k2a2 δχk∗ |, which holds at φ ∼ φ0, δχk∗ decays as
|δχk∗ | ∝ exp(−Ht) . (24)
When | χ˙φ¨M2pH δφk∗ |/|
k2
a2 δχk∗ | reaches O(1), δχk∗ begins to
grow due to the exponential growth of the source term,
|δχk∗ | ∝ |δφk∗ | ∝ exp
[
λk∗Ht
]
, (25)
As long as the mode is within the resonant band, the
exponential growth continues. However, it cannot last
indefinitely because φ stops evolving at φ ≈ φe. The
duration of the exponential growth of δφk is estimated in
Eq. (B4) in Appendix B. For k = k∗, it gives
Hδtφk∗ ≈ ln
(√4(1 +Q)
9P0
)
, (26)
where
P0 =
(2faH
φ˙0
)2
, Q = 2
Λ4
φ˙20
. (27)
By setting the mode functions to be in the Bunch-
Davies vacuum initially,
lim
τ→−∞ aδφk = limτ→−∞ aδχk =
e−ikτ√
2k
, (28)
5FIG. 3. Induced Resonance of k∗ mode with parameter choice:
g = −0.05, ξ = −0.1g, α = 0.55, Λ0 = 4 × 10−4Mp,
fa = 5 × 10−3Mp, V0 = 3 × 10−11M4p and k∗ = 1012Mpc−1.
The parameters are chosen to satisfy the observed perturba-
tion amplitude As ∼ 10−9 as well as to realize the induced
resonance. The Hubble parameter during the resonance is
about H ' 3.1 × 10−6Mp. The blue and red solid lines are
the numerical solutions of δφk∗ and δχk∗ , respectively. The
yellow and light blue dashed lines are their approximated so-
lutions from Eq. (19) and (18). The pink line depicts the
approximate analytical behavior given in Eq. (22). The green
line represents δχk for a mode k that does not get the induced
amplification. The vertical axis is the amplitude normalized
with respect to the perturbation amplitude at the time when
the k∗ mode enters the resonant band.
we numerically solve Eqs. (12) and (17). The results for
a particular set of model parameters are shown in Fig. 3.
We see that δχk follows the usual dampened feature for
modes k that do not stay in the resonant band and be-
comes frozen after Hubble exit. As for the k∗ mode, δφk∗
is amplified exponentially, reaches a maximum, and de-
cays after φ stops rolling at φe. On the other hand, δχk∗
evolves as given by Eqs. (24) and (25), showing the in-
duced resonant amplification inside the Hubble horizon
and frozen after Hubble exit.
D. Curvature perturbation spectrum
Having solved the evolution of the field fluctuations up
to Hubble exist and given the background dynamics, we
can now compute the power spectrum of the primordial
comoving curvature perturbation PR(k) use the δN for-
malism [16, 31–34]. The δN formalism states that the
final value of the conserved comoving curvature pertur-
bation Rc in the adiabatic limit on superhorizon scales
is given by
Rc(x) = N(x, t, tf )− N¯(t, tf ) = δN(x, t) (29)
where N is the number of e-folds from t to tf locally
determined from the homogeneous background evolution,
with tf being a cosmic time when the adiabatic limit is
achieved and t being any time before tf which is usually
taken to be the time of horizon exit of the scale of interest.
In our model we have
δN(x, ti) =
(∂N
∂φ
δφ+
∂N
∂χ
δχ+
1
2
∂2N
∂φ2
δφ2 (30)
+
∂2N
∂φ∂χ
δφδχ+
1
2
∂2N
∂χ2
δχ2
)
t=ti
,
where δφ and δχ are the fluctuations evaluated on flat
slicing at t = ti. Since the initial φ-dominated stage is
essentially the same as the standard single field inflation,
let us focus on the stage when and after φ stops evolv-
ing. Then we may choose ti to be some time after the
horizon exit when δφ has decayed out. This implies we
may ignore δφ at t = ti and hence
δN(x, ti) =
(∂N
∂χ
δχ+
1
2
∂2N
∂χ2
δχ2
)
t=ti
. (31)
In order to evaluate the above, we need to know the num-
ber of e-folds N counted backward in time from the end
of inflation to the time t = ti. Then we find that the con-
tribution of φ to N is small, of O((φ−φ2e)/M2p ) at most,
because φ becomes non-dynamical. Thus we obtain
N =
χ2
2M2p
+ χ
V0 + gΛ
3
0φe
ξM2pΛ
3
0
+O
(
(φ− φe)2/M2p
)
, (32)
where we set χ = 0 to be the end of inflation for simplic-
ity.
Using the above result, the power spectrum for R is
found as
PR(k) =
k3
2pi2
∣∣∣∂N
∂χ
∣∣∣2|δχk|2(ti) ' H2
8pi2M2p χχ
A2(k) ,
(33)
where an approximate expression for A2(k) is given by
A2(k) = 1 +A2(k∗) exp
(
− ln
2(k/k∗)
2∆2
)
, (34)
where ∆ = ln(k+/k−)/(2
√
2). A detailed derivation is
given in Appendix. B. For the parameters given in the
caption of Fig. 3, we find ∆ = 0.245 and A2(k∗) = 106.3.
Since we have the standard almost scale-invariant spec-
trum PR = As(k/kp)ns−1 outside the resonant band,
where As is the amplitude of power spectrum and ns
is the spectral index at pivot scale kp ' 0.05Mpc−1 [30],
We may parametrize the spectrum over the whole range
of k as PR = As(k/kp)ns−1A2(k) with A2(k) given by
Eq. (34).
Finally, let us evaluate the non-Gaussianity of the
curvature perturbation. From Eq. (32), the local non-
Gaussianity is evaluated as
3
5
f localNL =
∂χχN
2(∂χN)2
= χχ . (35)
Hence the local non-Gaussianity of the curvature per-
turbation turns out to be small. Nevertheless, since δχ
6is proportional to δφ which is exponentially enhanced
from its vacuum state, a non-negligible intrinsic non-
Gaussianity of δχ is expected to arise. We plan to come
back to the issue of the intrinsic non-Gaussianity in the
near future.
FIG. 4. The power spectrum of the comoving curvature per-
turbation with an enhancement due to the induced resonance
that fits the CMB constraint from the Planck data[30]. The
model parameters are the same as those of Fig. 3. The blue
dashed line indicates the amplitude that would produce an
appropriate amount of PBHs that can account for cold dark
matter [35]. The orange curve is the expected sensitivity curve
of LISA obtained for the induced GWs in our scenario[36].
Before concluding this section, we emphasize that it
is the induced δχ that determines the spectrum, but δφ
does not explicitly show up in the result. Interestingly,
on the other hand, as we discuss in Sec. IV, the induced
GWs are found to be directly determined by δφ.
III. PBH FORMATION
Now we study the abundance of PBHs due to the am-
plification in the primordial power spectrum on small
scales. Assuming that the universe has reached the adia-
batic limit when it is radiation-dominated, the comoving
curvature perturbation is frozen on superhorizon scales.
As the scale enters the Hubble horizon, some regions may
have a large positive curvature that corresponds to a large
positive density perturbation on the comoving slice. In
the context of the local Friedmann equation with the cur-
vature term K/a2 being space-dependent, the relation
between the curvature perturbation Rc and the density
contrast δ = δρ/δ at linear order on superhorizon scales
is given as
K(x)
a2
= −2
3
(3)∆Rc
a2
=
3
2
H2δ . (36)
As the universe with a large positive curvature is equiva-
lent to a closed universe where the expansion eventually
stops and the contraction starts, it is expected that a
Hubble size region with a sufficiently large positive cur-
vature will collapse to a black hole. This is how a PBH
forms. It is then customarily to define a threshold δc
in terms of δ extrapolated from the superhorizon expres-
sion (36) in linear theory to the horizon crossing k = aH.
Thus at horizon entry, we have δ = (4/9)Rc in Fourier
space. Although recently there have been substantial
progress in studies of PBH formation criteria [37], here
we stick to the simplest criterion and defer more thorough
studies for future.
As an entire Hubble region becomes a PBH, it is also
convenient to relate the comoving scale k to the mass of
a PBH which is equal to the mass of the corresponding
Hubble region at the time of horizon-entry.
M =
4pi
3
ρH−3 =
1
2GH
=
4piM2pa
kM
. (37)
To estimate the abundance of PBHs, one usually assumes
that the primordial curvature perturbation follows the
Gaussian statistics. In our model, we have seen that it is
actually the case. Then the fraction of the energy density
that turns into PBHs of mass M at the time of formation
is estimated by integrating the probability distribution
function for δ > δc,
β(M) = γErfc
[ δc√
2σM
]
, (38)
where Erfc[· · · ] is the complementary error function and
γ ' 0.2 is a correction factor [38], and σM is the variance
of the density fluctuations at the PBH mass M associated
with scale kM . The variance σM is estimated as
σ2M =
∫ ∞
0
dk
k
W 2(k/kM )
16
81
(k/kM )
4PR(k) , (39)
where we have adopted the Gaussian window function
W (x) = exp(−x2/2). For subtleties in the choice of win-
dow functions, see [39, 40].
It is well known that the observed almost scale-
invariant part of the scalar curvature power spectrum
is too small to produce PBHs. Thus the spectrum must
be enhanced on scales of interest, which is provided by
the resonant amplification in the current case. Given the
function β(M), one can compute the fraction of PBHs
against the total DM density at present. It is given as[5]
fPBH(M) ≡ ΩPBH
ΩDM
= 1.52× 108
( γ
0.2
)1/2(g∗,form
106.75
)−1/4
×
( M
M
)−1/2
β(M) , (40)
where g∗,form is the total relativistic degrees of freedom
when PBHs form and M = 2× 1033g is the solar mass.
The relation between the PBH mass M and the corre-
sponding comoving wavenumber kM may be expressed
as
M 'M
( γ
0.2
)(g∗,form
106.75
)−1/6( kM
1.6× 106Mpc−1
)−2
.
(41)
7For the model parameters of Fig. 3, the density
fraction, fPBH, produced by the induced resonance as
dipicted in Fig. 5 is shown for the parameter choice:
γ = 0.2, g∗,form ' 100 [41] and δc = 0.37 [5]. In this
case, the mass spectrum is centered around 4×10−12M
and PBHs constitute DM fraction of fPBH ' 0.3. This is
within the current microlensing constraints, Kepler and
HSC (Hyper Suprime-Cam) [42].
FIG. 5. The mass spectrum of PBH fPBH. The model pa-
rameters are the same as those of Fig. 3. The colored areas
depict the constraints from two microlensing experiments, Ke-
pler (pink) [43] and HSC (light green)[44].
Finally, we mention that since we are working in the
perturbative regime, we have the basic theoretical con-
straint PR  1. It is of interest to see the consequences
for a range of model parameters that requires a non-
perturbative treatment. We leave it for future studies.
IV. INDUCED GRAVITATIONAL WAVES
In this section, we present a complete analysis of the
induced GWs throughout the whole evolution of the very
early universe. Details are deferred to Appendix C.
We first discuss GWs generated during the radiation-
dominated era.
A. Radiation-dominated era
Choosing the Newton gauge for the scalar-type pertur-
bations, the perturbed metric reads
ds2 = −a2(1 + 2Ψ)dτ2 + a2
[
(1 + 2Φ)δij + hij
]
dxidxj ,
(42)
where Ψ is the Newton potential, and Φ is the curva-
ture perturbation. hij the tensor (transverse-traceless)
perturbation. In the absence of scalar-type anisotropic
stress, we have Ψ = −Φ. Here we consider induced GWs,
which originates from hij to the second order sourced by
the first-order scalar perturbations.
Decomposing hij into Fourier modes, we have
hij(τ,x) =
∑
λ=+,×
∫
d3k
(2pi)3/2
eik·xhλk(τ)e
λ
ij(k) , (43)
where eλij is the orthonormal polarization tensor, and
λ = +, × represent two polarizations respectively. The
equation for the Fourier modes becomes
hλ
′′
k (τ) + 2Hhλ
′
k (τ) + k
2hλk(τ) = S
λ
k(τ) , (44)
where the source term Sλk(τ) is given by
Sλk(τ) = 2
∫
d3p
(2pi)3/2
eλ(k,p)
[
2Φp(τ)Φk−p(τ)+(
Φp(τ) +
Φ′p(τ)
H
)(
Φk−p(τ) +
Φ′k−p(τ)
H
)]
,
(45)
where H = a′/a is the comoving Hubble parameter and
eλ(k,p) ≡ eλlm(k)plpm. The solution may be formally ex-
pressed in terms of the retarded Green function, gk(τ, τ
′),
hλk(τ) =
1
a(τ)
∫ τ
−∞
dτ1a(τ1)gk(τ, τ1)S
λ
k(τ1) . (46)
During the radiation-dominated era, Φ is given in
terms of the conserved comoving curvature perturbation
as
Φk(τ) =
2
3
T (kτ)Rc,k , (47)
where T (kτ) is the transfer function, the explicit expres-
sion of which can be found in the literature. Using the
retarded Green function gk(τ, τ
′) = 1k sin(k(τ−τ ′))Θ(τ−
τ ′), in the radiation-dominated universe, the power spec-
trum of the induced GWs during radiation-dominated
epoch is obtained as [18, 22, 45, 46]:
Ph(k, τ) =
∫ +∞
0
dy
∫ 1+y
|1−y|
dx
[4y2 − (1 + y2 − x2)
4xy
]2
× PR(kx)PR(ky)F (kτ, x, y) , (48)
where an explicit expression for F (z, x, y) is given in
Appendix. C. The resultant energy density spectrum
ΩGW(f)h
2
0 at present is shown by the orange line in Fig.
6. There the expected sensitivity curve of LISA is also
shown for comparison.
We can first use the analytical formula in [47] to esti-
mate the maximum of the induced GW spectrum,
ΩGW,0h
2
≈ 1.6× 10−5 × 2.6
(
A2s
(
k∗
kp
)2(ns−1)√
2pi∆A(k∗)2
)2
≈ 2.9× 10−11. (49)
where we have adopted the values ∆ = 0.245, A2(k∗) =
106.3, k∗ = 1012 Mpc−1, kp = 0.05 Mpc−1, A2s = 2.2 ×
10−9, and ns = 0.96, which are listed in Section II D.
8Here, we should also mention that, the GWs gener-
ated during this epoch reflects the behavior of δχ that
accounts for the curvature perturbation from inflation,
while the role of δφ which is the origin of the resonant
amplification, is hidden from view in the sense that its
behavior cannot be reconstructed from the final curva-
ture perturbation spectrum. On the other hand, as we
shall see in the next subsection, the GWs induced during
inflation directly reflects the behavior of δφ.
B. Inflationary era
Here we consider GWs produced inside the Hubble
horizon during inflation. As the field fluctuations in
the resonance band are exponentially enhanced, they
can generate a non-negligible amount of GWs [26]. On
sub-Hubble scale during inflation, a convenient choice of
gauge is flat slicing. The metric and relevant equations
are summarized in Appendix A.
The source term Sλk(τ) for the tensor perturbation is
given by
Sλk(τ) =
2
M2p
∫
d3p
(2pi)3
eλ(k,p)δφp(τ)δφk−p(τ)
+ (φ↔ χ) . (50)
Since we are interested in the generation of GWs on
sub-Hubble scales, the background may be approximated
by a de Sitter (dS) space, with a(τ) = −1/(Hτ) and
H = a′/a = −1/τ (−∞ < τ < 0). The retarded Green
function in dS space is given by [25]
gk(τ, τ
′) =
1
k3τ ′2
[
− k(τ − τ ′) cosk(τ − τ ′)
+ (1 + k2ττ ′)sink(τ − τ ′)
]
Θ(τ − τ ′) . (51)
Using the above Green function, one can immediately
obtain the solution as given in Eq. (46). Then the power
power spectrum can be readily expressed as [25]
Ph(k, τend) =
4
pi4M4p
k3
∫ ∞
0
dpp6
∫ 1
−1
dcosθsin4θ
×
∣∣∣ ∫ τend
τ0
dτ1gk(τend, τ1)(δφp(τ1)δφ|k−p|(τ1)
+ δχp(τ1)δχ|k−p|(τ1))
∣∣∣2 , (52)
where τend ≈ 0 represents the conformal time at the end
of inflation. It may be useful to note that the ultraviolet
behavior of Ph(k) is given by
Ph(k, τend) ∝ Pφ(k), for k  k∗. (53)
We have numerically integrated the above, and after tak-
ing into account the thermal history of the universe, we
have obtained the energy density spectrum ΩGW(f)h
2
0 of
the induced GWs. The result is the purple line shown
in Fig. 6. As easily seen, the contribution from the in-
duced GWs during inflation is far larger than that from
the induced GWs during radiation-dominated era.
FIG. 6. The energy spectra of GWs produced in our model.
The pink line denotes the induced GWs from the radiation-
dominated era, and the purple line denotes the induced GWs
from inflationary era. The gray region is within the expected
sensitivity of LISA [48]. The model parameters are the same
as those given in the caption of Fig. 3.
It is important to note that, the induced GWs from in-
flation is dominated by δφ, since it is much larger δχ on
sub-Hubble scales as shown in Fig. 3. In the conventional
case of inflation where there is no resonant effect, the in-
duced GWs from inflation is suppressed by the square of
the slow-roll parameter compared to those generated dur-
ing radiation-dominated era, since P 2φ(k)/M
4
p ∼ 2P 2R(k),
where φ is the inflaton and  = −H˙/H is the slow-roll pa-
rameter. However, when the resonance occurs, δφ which
is responsible for the resonance, is much larger than δχ
which is induced by the enhanced δφ. This can result in
the dominance of the inflationary GWs. In fact, we can
estimate the ratio of the amplitude for the GW spectrum
induced from inflationary era and radiation-dominated
era as
ΩInfGW
ΩRadGW
∼ 2χχ
P 2φ(k∗)
P 2χ(k∗)
∼ 2χχ
(µ2k∗
Q
3M2pH
2
2faξΛ30
)4
. (54)
For the model parameters given in the caption of Fig. 3,
ΩInfGW is a factor of O(10
5) larger than ΩRadGW.
The above result is encouraging. With future observa-
tions of cosmological GW backgrounds, we may be able
to deduce the information of δφ during inflation. To-
gether with observations of PBHs, we may be able to
disclose a new physics behind inflation.
9V. CONCLUSION
In this paper, we put forward a novel mechanism that
can realize a controllable instability of an entropy per-
turbation during inflation which is eventually converted
into the curvature perturbation. This can be achieved
by a two-field model with one field possessing an axion-
monodromy like oscillating potential and the other with a
hilltop-like potential. By solving the perturbation equa-
tions stage by stage, we found that the oscillatory dy-
namics of the axion-like field φ can lead to parametric
resonance of its field fluctuations.
Although the growth of these perturbations does not
necessarily give rise to enhanced curvature perturbations
as these modes are amplified only on sub-Hubble scales,
the fluctuations induced in the second field χ could also
be dramatically enhanced to produce large curvature per-
turbations. In fact, in our model where the inflationary
trajectory makes a turn from the φ-direction to the χ-
direction after φ is stuck at one of the oscillatory minima,
the induced fluctuations in χ which are initially entropic
are converted into adiabatic perturbations after the turn.
As a result, the curvature perturbation displays a mani-
fest resonant growth on small scales, up to an amplitude
enough to produce PBHs abundantly.
Another intriguing result is that the amplified fluctu-
ations in φ, which has no direct effect on the curvature
perturbation, can produce tensor perturbations during
inflation when they are on sub-Hubble scales. These
produced tensor perturbations will eventually form a cos-
mological GW background, and their amplitude can be
much larger than those induced by the curvature per-
turbation during the radiation-dominated universe. As
an example, we have explicitly demonstrated the case in
which the induced GWs from inflation dominated over
those from the radiation-dominated era, with the spec-
trum large enough to be observed by future GW detectors
like LISA.
Given the aforementioned phenomenological success,
we would like to comment on the implications of the pro-
posed model that could inspire certain follow-up studies.
From a theoretical perspective, it seems it is important to
understand better the physics of resonance in the early
universe, that is, to understand how the whole system
reacts when one of the physical degrees of freedom expe-
riences a resonance and what the condition for effective
resonances induced in other degrees of freedom is. As in
our model, such induced resonances may be more impor-
tant in producing phenomena that can be used to probe
the theory.
Another issue is non-Gaussianity. We have not stud-
ied non-Gaussianties in our model in detail. But as we
mentioned in section, we expect a large non-Gaussianity
in the scalar field perturbations on sub-Hubble scales be-
cause of their amplifications as well as of their highly
non-linear self-interactions. As it is well known, the pro-
duction of PBHs as well as the induced GWs may be
significantly affected by a non-Gaussianity in the distri-
bution function of the curvature perturbation [49]. This
issue definitely deserves detailed studies.
Our mechanism can greatly enhance the induced GWs,
which leaves a better chance of detecting such small-
scale primordial perturbations by stochastic GWs instead
of the PBHs. This is because the resonance greatly
enhances the induced GWs for a given abundance of
PBHs, which implies that for a possible detection of
the stochastic gravitational waves, for instance the re-
cent NANOGrav 12.5 year result [50], there might be
no significant amount of PBHs that contributions to a
substantial portion of either the cold dark matter [51] or
supermassive black holes [52].
Finally, we mention that the results derived from our
model has successfully demonstrated the importance of
joint analyses on PBHs and GWs. Along with the com-
bined observational data, which may be able to reveal a
surprising new physics behind inflation that wouldn’t be
visible in large scale observations like CMB.
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Appendix A: Basic formula for multi-field inflation
In this appendix, we review the basic formulas for
multi-field inflation [53]. We consider a general multi-
component scalar field φI (I = 1, 2, · · · , n),
S =
1
2
∫
d4x
√−g
[
M2pR
− GIJ(φ)gµν∂µφI∂νφJ − 2V (φ)
]
,
(A1)
where R is the Ricci scalar and GIJ is the field space
metric. For the simplest case of a canonical scalar field
GIJ = δIJ . Performing the (3 + 1) decomposition of the
metric,
ds2 = −N2dt2 + γij(dxi +N idt)(dxj +N jdt) . (A2)
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the action reduces to
S = −1
2
∫
d4xN
√
γ
(GIJγij∂iφI∂jφJ − 2V (φI))
+
M2p
2
∫
d4xN
√
γ
(
KijK
ij −K2 + 1
M2pN
2
GIJvIvJ
)
,
(A3)
where Kij is the extrinsic curvature of t = const. slices,
and vI = φ˙I −N j∂jφI .
As well-known, the lapse function N and the shift vec-
tor N i serve as Lagrange multipliers. Taking the varia-
tions with respect to N and N i, we get the Hamiltonian
and momentum constraints, respectively,
GIJγij∂iφI∂jφJ + 2V + 1
N2
GIJvIvJ
+M2p
(
KijK
ij −K2) = 0 . (A4)
Dj
[
Kji −Kδji
]
=
1
M2pN
GIJvI∂iφJ ,
where Di is the covariant derivative with respect to the
spatial metric γij .
We now consider linear perturbation in a spatially flat
cosmological background,
N = 1 , N i = 0 , γij = a
2(t)δij , φ
I = φI(t) . (A5)
At linear order, we set N = 1 + A, Ni = ∂iB, and φ
I =
φI(t) + δφI , while keeping the spatial metric to be flat,
γij = a
2δij . Namely, we choose the spatially flat gauge.
With this choice of gauge, the constraint equations (A4)
can be solved for A and B as
A =
1
2HM2p
GIJ φ˙IδφJ ,
B = ∂−2ψ ;
ψ =
a2
2HM2p
GIJ
(
δφI φ¨J − φ˙I ˙δφJ − H˙
H
φ˙IδφJ
)
,
(A6)
where ∂−2 is an integral operator such that B = ∂−2ψ
satisfies ∂2B = ψ.
After expanding the action to second order in pertur-
bation and plugging Eq. (A6) into it, with the help of the
background equations, we find the action for δφI ,
S2 =
1
2
∫
dtd3xa3
(
GIJ ˙δφI ˙δφJ
− 1
a2
GIJ∂iδφI∂iδφJ −M2IJδφIδφJ
)
,
(A7)
where the effective mass square matrix is given by
M2IJ = V,IJ −
1
M2pa
3
d
dt
(
a3
H
φ˙I φ˙J
)
. (A8)
Taking the variation of Eq. (A7), we obtain
δ¨φ
I
+ 3H ˙δφ
I
+
k2
a2
δφI+∑
J
[
V,IJ − 1
M2pa
3
d
dt
(
a3
H
φ˙I φ˙J
)]
δφJ = 0 ,
(A9)
where we have assumed GIJ = δIJ and performed the
Fourier transformation. Applying the above to our
model, we obtain the perturbation equations of motion
as given in Eq. (17).
Appendix B: Parametric resonance in our model
In this appendix, we give a detailed analysis for para-
metric resonance in our model which is captured in
Eq. (20). After introducing the new variable dz =
φ˙0dt/(2fa) and setting δφk = a
−3/2Φk, we get an ap-
proximate equation in the form of the Mathieu equation,
d2δΦk
dz2
+ [P − 2Q cos(2z)]δΦk = 0 , (B1)
where
P = P0
( k2
a2H2
− 9
4
)
, P0 =
(2faH
φ˙0
)2
,
Q = Q0
( Λ
Λ0
)4
, Q0 = 2
Λ40
φ˙20
.
(B2)
In our case, P and Q are not constants. Instead, they will
evolve along with the new variable z. But, in the current
analysis, we just consider the case where the maximum of
Q is of O(1). In the instability region of our interest, we
have δΦk(z+pi) = e
pi(µ+i)δΦk(z), where µ is the Floquet
number. The stability/instability chart is presented in
Fig. 7 with the values of µ in gradient colors.
From Fig. 7, we see that the instability band at Q .
O(1) is 1−Q . P . 1+Q. It proves useful to introduce a
reference mode k∗ which crosses the horizon just at time
te. Thus, for k < k∗, the duration of δφk resonance is
Hδtφk = ln
(2
3
√
1 +Q
P0
)
. (B3)
For k > k∗, the duration of δφk resonance is
Hδtφk = ln
(k∗
k
)
+ ln
(√4(1 +Q)
9P0
)
. (B4)
During the resonance, the behavior of δφk is
|δφk| ∝ a−3/2 exp(µkz) = exp
[
λkHt
]
, (B5)
where
λk = µk
|g|Λ30
6H2fa
− 3
2
. (B6)
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FIG. 7. The stability/instability chart for the standard Math-
ieu equation, where µk is the Floquet number. P and Q are
the equation parameters.
Then, defining the amplification factor for δφk as
δφk(tk,e) = A˜φ(k)δφk(tk,b) , (B7)
where tk,b and tk,e are the beginning and ending epochs
of the resonance, respectively, we obtain
A˜2φ(k) = exp
[
2λkHδtφk
]
. (B8)
The exponential amplification of δφk will induce a sim-
ilar amplification of δχk which can be directly related
to the coming curvature perturbation according to the
δN formalism. In section II C, we notice that when
| χ˙φ¨M2pH δφk∗ |/|
k2
a2 δχk∗ | & O(1), δχk will show the same
exponential amplification behavior as δφk and the in-
duced resonance will occur. Then setting δχk ∝ δφk ∝
exp[λkHt], Eq. (18) gives the ratio |δχk|/|δφk| at the end
of resonance as
F ≡ |δχk||δφk| '
1
(λk + 3/2)2
χ˙φ¨
M2pH
=
Q
µ2k
2ξΛ30fa
3M2pH
2
, (B9)
where we set k2/a2 = 9/4 as the end of resonance time.
From eq. (B7) and using the fact that |δχk| ' |δφk| at
the beginning of the resonance, we obtain
|δχk(tk,e)| = F |δφk(tk,e)| = F A˜φ|δχk(tk,b)|
' F A˜φ exp[Hδtφk ]|δχvack (tk,e)| ,
(B10)
where δχvack (tk,e) is the vacuum amplitude at the end
of the resonance if there were no resonance. Thus, the
amplification factor for δχk relative to its vacuum value
is found as
A˜2χ(k) ' F 2 exp[2(λk + 1)Hδtφk ] . (B11)
Given the amplification factor for δχk, we now consider
the δχk spectrum. In order to capture the behavior of
the power spectrum, we approximate it by a log-normal
function near the peak,
P (k) ∝ exp
[
− ln
2(k/k∗)
2∆2
]
. (B12)
Since we know the value of the amplification factor, the
remaining task is to compute the width ∆, which can be
expressed as
∆ =
1
2
√
2
ln
(k+
k−
)
, (B13)
where k± are the wavenumbers such that they satisfy
A˜2χ(k−) = A˜2χ(k+) = A˜2χ(k∗)/e.
For modes k > k∗, we easily find
ln
(k+
k∗
)
' 1
2(λk+ + 1)
. (B14)
For modes k < k∗, it is a bit complicated task. We first
note that the duration of the resonance is approximately
independent of k, but µk is smaller for smaller k because
Q is an increasing function of time and we expect µk ∝ Q
for Q . 1 from Fig. 7. As an epoch at which the reso-
nance is most effective is given by P ∼ 1, which means
k ∼ aHP0, the slow time variation of Q can be translated
to the slow variation of the amplification with respect to
k,
d
d ln k
lnµk =
d
Hdt
lnµk ≈ d
Hdt
lnQ
=
4αφ˙
HMp
Λ
Λ0
(B15)
This implies
µ(k) = µ(k∗)(
k
k∗
)β ; β = 4α
Λ0
Λ
φ˙
HMp
. (B16)
Applying the condition A˜2χ(k−) = A˜2χ(k∗)/e to Eq. (B8),
and using the above result, we obtain
ln
( k∗
k−
)
=
1
β
ln
( lnB
lnB − 1
)
, (B17)
where
B = exp
[
Hδtχk∗µk∗
φ˙0
Hfa
]
. (B18)
Thus Eq. (B13) together with Eqs. (B14) and (B17)
determines the width ∆. The resulting near-peak spec-
trum for δχk, and hence that for the comoving curvature
perturbation is, with a fairly good accuracy, proportional
to
A2(k) = 1 + A˜2χ(k∗) exp
(
− ln
2(k/k∗)
2∆2
)
. (B19)
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For the model parameters used in the text, the numeri-
cally computed power spectrum and the above approxi-
mate spectrum are compared in Fig. 8. As we see from
it, the approximate formula fits the numerical result rea-
sonablly well.
FIG. 8. The power spectrum calculated via two methods.
The result from numerical calculation is plotted in the purple
solid line. The blue dashed line shows the semi-analytical
result from Eq. (B19). In the given example, numerically
∆ = 0.245, semi-analytically ∆ = 0.276 and A˜2(k∗) = 106.3.
Appendix C: Basic formula for induced GWs
In this appendix, we review the basic formulas for
computing the induced GWs [18, 45, 54]. In the cos-
mological background, the equation of motion for the
transverse-traceless (TT) tensor perturbation hij(τ,x)
(∂ih
ij = hii = 0) with a source term Sij(τ,x) is
h′′ij(τ,x) + 2Hh′ij(τ,x)−∇2hij(τ,x) = −4Tˆ lmij S`m(τ,x) ,
(C1)
where H = a′/a is the comoving Hubble parameter. The
operator Tˆ `mij is a TT projection tensor,
Tˆ `mij (x) =
∑
λ=+,×
∫
d3k
(2pi)3/2
eik·xeλij
(
k)eλ,`lm(k) , (C2)
where λ = +,× denote the two polarizations of GWs.
The polarization tensor eλij(k) can be expressed in terms
of the unit vectors orthogonal to k, e
(a)
i (k) (a = 1, 2) as
e+ij(k) =
1√
2
[e
(1)
i (k)e
(1)
j (k)− e(2)i (k)e(2)j (k)] ,
e×ij(k) =
1√
2
[e
(1)
i (k)e
(2)
j (k) + e
(2)
i (k)e
(1)
j (k)] .
(C3)
Then the equation of motion in Fourier space becomes[
d2
dτ2
+ 2H d
dτ
+ k2
]
hλk(τ) = S
λ
k(τ) , (C4)
where hλk is defined by
hλk = e
λ,`m(k)
∫
d3x
(2pi)3/2
e−ik·xh`m(τ,x) , (C5)
and Sλk(τ) by
Sλk(τ) = −4eλ,`m(k)
∫
d3x
(2pi)3/2
e−ik·xS`m(τ,x) . (C6)
The solution to Eq. (C4) may be expressed in terms of
the Green function,[
d2
dτ2
+ 2H d
dτ
+ k2
]
gk(τ, τ1) = δ(τ − τ1) . (C7)
With an appropriate (usually the retarded) boundary
condition specified to gk, the solution is given by
hλk(τ) =
∫ ∞
−∞
dτ1gk(τ, τ1)S
λ
k(τ1) . (C8)
Assuming the source is a spatially homogeneous, parity
conserving random process, the 2-point function of hλk
can be expressed as
〈hλk(τ)hsk′(τ)〉 = (2pi)3δλsδ(3)(k+k′)
2pi2
2k3
Ph(k, τ) , (C9)
where Ph(k, τ) is the dimensionless power spectrum of
the tensor perturbation per unit logarithmic interval of
k, and we have used the fact that the power spectrum is
the same for both polarizations,
Ph(k) =
∑
λ=+,×
Pλh (k) = 2P
λ
h (k) . (C10)
In the case of GWs induced by the scalar perturbation
during the radiation-dominated era, the power spectrum
at time τ is given by
PRadh (k, τ) =
∫ +∞
0
dy
∫ 1+y
|1−y|
dx
[4y2 − (1 + y2 − x2)
4xy
]2
× PR(kx)PR(ky)F (kτ, x, y) , (C11)
where PR(k) is the spectrum of the conserved comoving
curvature perturbation, the function F (z, x, y) is given
by
F (z, x, y) =
4
81
1
z2
[cos2(z)I2c (x, y)
+ sin2(z)I2s (x, y) + sin(2z)Is(x, y)Ic(x, y)] ,
(C12)
and the functions Ic and Is by
Ic(x, y) = 4
∫ ∞
1
dz1(−z1sinz1)
[
2T (xz1)T (yz1)
+ [T (xz1) + xz1T
′(xz1)][T (yz1) + yz1T ′(yz1)]
]
Is(x, y) = 4
∫ ∞
1
dz1(z1cosz1)
[
2T (xz1)T (yz1)
+ [T (xz1) + xz1T
′(xz1)][T (yz1) + yz1T ′(yz1)]
]
,
(C13)
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with T (z) being the transfer function,
T (z) =
9
z2
[ sin(z/√3)
z/
√
3
− cos(z/
√
3)
]
. (C14)
A stochastic background of the GWs can be character-
ized by its energy density fraction ΩGW,
ΩGW(τ, k) =
1
ρc(τ)
dρGW(τ, k)
d ln k
. (C15)
where ρc(τ) = 3M
2
pH
2(τ) is the critical energy density at
the conformal time τ , and ρGW(k) is the effective energy
density spectrum of the GWs,
ρGW(k) =
M2p
4
k2
a2
Ph(k, τ) . (C16)
The induced GWs form a stochastic GW background
today, and it is characterized by ΩGW(τ0, k). Taking ac-
count of the thermal history of the universe, the cur-
rent energy density fraction of the induced GWs from
the radiation-dominated era is given by [19]
ΩRadGW(τ0, k) = Ωr,0Ω
Rad
GW(τeq, k) , (C17)
where τeq is the time of radiation-matter equality and
Ωr,0 is the present radiation energy density fraction.
As for the induced GWs from the inflationary era, the
energy density spectrum at frequencies is approximately
given by
ΩInfGW(τ0, k) =
1
12
g
−1/3
eff Ωr,0Ph(τend, k) , (C18)
where the modes are assumed to have entered the horizon
during the radiation-dominated stage, τend is the time at
the end of inflation, and geff is the effective number of
degrees of freedom contributing to the radiation at that
epoch.
Appendix D: Vacuum stability
In order to demonstrate the validity of our model, it
is very important for us to check the vacuum stability
at φ = φe, where the evolution in the φ-direction stops.
Otherwise, there might occur phase transitions or multi-
vacua quantum tunnelings as first touched in [55]. In
the present scenario, we need such probability to be neg-
ligibly small so that our perturbative treatment can be
justified. To be specific, a meta-stable vacuum may be
regarded as stable if its lifetime is much longer than the
age of our universe. Thus let us evaluate the quantum
tunneling probability of φ to decay to a lower minimum.
The vacuum decay rate per volume is estimated by
Γ = Γ0e
−S4[φ] , (D1)
where S4 is the Euclidean bounce action that connects
the meta-stable vacuum to another vacuum with lower
energy. Γ0 is related to the energy scale associated with
the vacuum decay. Here for simplicity we assume Γ0 '
H4, where H is the Hubble parameter during inflation.
We will see that the result is completely independent of
this choice.
For the lifetime of a vacuum to be longer than the age
of the universe, we require
Γ H40 , (D2)
whereH0 is the Hubble constant today. This requirement
then reduces to the condition S4 > 520.
In order to calculate the bounce action, we assume that
the relevant part of the potential has remained the same
until today,
V (φ) = gΛ30φ+ Λ
4(φe) cos(
φ
fa
)
= gΛ30
(
φ− b∗(φe)fa cos( φ
fa
)
)
,
(D3)
and ignore the effect of gravity, which is valid at energy
scales much smaller than the Planck scale. We then Wick
rotate to Euclidean time, t→ iτ , and introduce the radial
coordinate r =
√
x2 + τ2. Assuming the O(4)-symmetry,
φ = φ(r), the Euclidean equation of motion is
d2φ
dr2
+
3
r
dφ
dr
− gΛ30
(
1 + b∗(φe) sin(
φ
fa
)
)
= 0 . (D4)
We solve this equation with the boundary condition,
lim
r→∞φ(r) = φe ,
dφ
dr
∣∣∣∣
r=0
= 0 . (D5)
The bounce action of the O(4)-symmetric solution takes
the form,
S4[φ] = 2pi
2
∫ ∞
0
dr r3
[
1
2
(
dφ
dr
)2
+ V (φ)
]
. (D6)
In the current situation, b∗ at φ = φe is assumed to be
larger than unity, b∗(φe) > 1, as mentioned in Sec. II A,
which corresponds to the large barrier limit. This allows
us to simplify the bounce action to be
S4 =
6912
pi
f3a
|g|Λ30
. (D7)
For the parameters we used in the text, we have b∗(φe) '
4.6, and the above approximation gives S4 ' 9 × 107.
This is in good consistent with the numerical value
S4 = 8.8 × 107. Now, as we see, the bounce action S4
is exponentially larger than the estimated lower bound
520. Thus the vacuum at φ = φe is absolutely stable.
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